We investigate "Posner molecules", calcium phosphate clusters with chemical formula Ca9(PO4)6. Originally identified in hydroxyapatite, Posner molecules have also been observed as free-floating molecules in vitro. The formation and aggregation of Posner molecules have important implications for bone growth, and may also play a role in other biological processes such as the modulation of calcium and phosphate ion concentrations within the mitochondrial matrix. In this work, we use a first-principles computational methodology to study the structure of Posner molecules, their vibrational spectra, their interactions with other cations, and the process of pairwise bonding. Additionally, we show that the Posner molecule provides an ideal environment for the six constituent 31 P nuclear spins to obtain very long spin coherence times. In vitro, the spins could provide a platform for liquid-state nuclear magnetic resonance quantum computation. In vivo, the spins may have medical imaging applications. The spins have also been suggested as "neural qubits" in a proposed mechanism for quantum processing in the brain.
I. INTRODUCTION
In 1975 Betts and Posner, while examining the xray crystal structure of bone mineral-hydroxyapatite, Ca 10 (PO 4 ) 6 (OH) 2 -noticed that within each unit cell there were two calcium-phosphate "structural clusters" with atomic constituents Ca 9 (PO 4 ) 6 .
1 It was subsequently argued that these so-called "Posner clusters" played an important role in the formation of amorphous calcium phosphate, which can be viewed as a "glass" of Posner clusters.
It was over 20 years later that Onuma and Ito, while performing intensity-enhanced dynamic light scattering on simulated body fluids, identified evidence for freefloating calcium phosphate clusters of size roughly 1 nm. 2 They suggested that these clusters, apparently stable in solution for months or longer were, in fact, Posner clusters. No spontaneous precipitation was observed even in a supersaturated solution, but it was suggested that these Posner clusters play a role in bone (hydroxyapatite) nucleation when presented with a seed crystal.
3,4
Additional evidence was provided in 2010 when cryogenic transmission electron microscopy experiments on bone nucleation in simulated body fluids imaged freefloating nanometer-sized molecules which coalesced near a seed, forming amorphous calcium phosphate before undergoing a dramatic transition into the crystalline form of hydroxyapatite. 5 Further evidence for the structural integrity of these clusters in solution was found in AFM images of bone growth on calcite surfaces. 6 Taken together, these remarkable experiments provide evidence that Posner clusters are stable in solution and, as such, should perhaps be called "Posner molecules"-the name we will henceforth adopt.
Soon after the Onuma and Ito experiments, several quantum chemistry calculations examined the putative arrangement of the ions in these Posner molecules, Ca 9 (PO 4 ) 6 , which were indeed found to be stable in vacuum. 7, 8 Their basic form consisted of eight calcium ions on the corners of a cube with the ninth calcium in the center, while the six phosphate ions were situated on the six faces of the cube. Due to the symmetry incompatibility of the tetrahedral phosphate ions (PO 3− 4 ) with the cube faces, the cubic symmetry was broken in the lowenergy molecular configurations. One of the most stable configurations was found to have S 6 symmetry, with a threefold rotational symmetry axis that is aligned along one of the cube diagonals, as depicted in Figure 1 .
A more detailed exploration of Posner molecules is worthwhile for multiple reasons:
1. Role in biological processes. Since experiments have provided strong evidence that Posner molecules are stable in simulated body fluids, it is likely that they are present in vivo, particularly in the extracellular fluid where the free calcium concentration is appreciable. These extracelluar Posner molecules could act as a reservoir for the previously suggested Posner-moleculemediated mechanism for bone growth. 3, 4 The molecules may also be present within cells. Though cytoplasm is unlikely to contain Posner molecules due to its low calcium concentration, the mitochondiral matrix is known to contain stable calcium-phosphate complexes with a calcium:phosphate ratio suggestively close to that of Posner molecules (3:2). 9 Posner molecules may form a dynamic aggregate within the mitochondiral matrix, with formation, aggregation, and dis-aggregation being finely modulated by the changing pH.
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The Posner molecule is also central to the proposed "quantum brain" concept set forth in Ref. 11 . In this proposal, clouds of entangled Posner molecules in the brain act as "neural qubits", serving as a platform for quantum computation in cognitive processes. Many of the properties we discuss here are key to the ongoing exploration of this concept.
2. Long-lived phosphorus nuclear spin states. Molecules or ions with isolated nuclear spins that exhibit macroscopic coherence times are of great physical interest, both theoretically and practically. Nuclear spins in liquid-state nuclear magnetic resonance (NMR) have some of the longest known coherence times of any system in physics, especially nuclei with spin 1/2 that do not couple to electric fields and interact with the environment only through magnetic fields (e.g., dipole fields from other nuclear spins) and intra-molecular electronmediated exchange interactions. 12 Motional narrowing due to the rapid rotation of the molecules in solution averages out dipole-dipole magnetic field interactions, giving spin-1/2 nuclei long coherence times.
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Since the most abundant isotopes of both calcium and oxygen have zero nuclear spin, we predict that the six 31 P nuclear spins with S=1/2 in a Posner molecule are especially long lived, making them an intriguing platform for liquid-state NMR quantum computation.
14 If the nuclear spins can be hyper-polarized, the spins could have medical imaging applications, since the 31 P NMR signal is quite robust. The Posner molecule's nuclear spins are also central to the quantum brain concept, 11 in which long coherence times are key to their role as neural qubits.
3. Doping with other cations. We shall present evidence that replacing the calcium ion at the center of a Posner molecule with either another divalent cation or a pair of monovalent cations can further stabilize the Posner molecule. This provides a possible mechanism for the known impact of elements such as lithium, magnesium, and iron on bone health. [15] [16] [17] Impurities are also relevant to the quantum brain hypothesis, 11 which suggests that the cognitive effects of lithium (and the isotope dependence of these effects) may arise from the interaction of the lithium nuclear spin with the neural qubits provided by the 31 P nuclear spins. 4. Aggregation of Posner molecules. The presence of two Posner clusters within the unit cell of hydroxyapatite suggests the possible importance of aggregation of Posner molecules in bone growth. Our quantum chemistry calculations provide evidence that a pair of Posner molecules can chemically bind together (in vacuum) with a substantial binding energy of roughly 5 eV. This pairwise bonding is the first step towards larger-scale aggregation, which may lead to the formation of amorphous calcium phosphate and eventually hydroxyapatite. 5. Quantum dynamics of the six phosphorus nuclear spins in a Posner molecule. Provided the Posner molecules do have an S 6 symmetry, the 2 6 = 64 nuclear spin eigenstates in each molecule can be chosen also as eigenstates under a 3-fold rotation about the symmetry axis, with eigenvalues of the form e i2πτ /3 with the "pseudospin" τ taking one of 3 allowed values, τ = 0, ±1. Understanding the dynamics of these spins is important for any application of Posner molecules to medical imaging or quantum computation as discussed above. The spin dynamics are also key to the quantum brain concept.
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Our paper is organized as follows. After a brief description of the computational methods (Sec. II), we treat the structural properties of the Posner molecule: symmetry (Sec. III A), vibrational spectra (Sec. III B), impurity incorporation (Sec. III C), and pairwise bonding (Sec. III D), discussing the results and implications of each in turn. We then move on to the spin properties, using first-principles methods to calculate the indirect spin-spin coupling between 31 P nuclear spins in a Posner molecule. These values become input to an effective Hamiltonian for the spins. We study this effective model, paying special attention to the implications for coherence of encoded quantum information (Sec. III E).
II. COMPUTATIONAL METHODS
Our first-principles calculations are based on density functional theory (DFT).
Molecular symmetry, impurity incorporation, and pairwise bonding were studied with the ProjectorAugmented Wave (PAW) method 18 as implemented in the Vienna Ab initio Simulation Package (VASP). 19 The hybrid exchange-correlation functional of Heyd, Scuseria, and Ernzerhof 20 was employed with the standard 25% mixing and screening parameter ω = 0.20Å −1 (a combination of parameters commonly referred to as HSE06).
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These calculations used a plane-wave energy cutoff of 400 eV. Single Posner molecule calculations were performed in a vacuum supercell 16Å on a side. Calculations exploring the chemical bonding between two Posner molecules used a 16Å×16Å×32Å cell.
The vibrational spectrum of Ca 9 (PO 4 ) 6 was calculated via density functional perturbation theory (DFPT) with the Quantum Espresso package 22 using ultrasoft pseudopotentials 23 and the Perdew-Burke-Ernzerhof exchange-correlation functional. 24 The acoustic sum rule was applied for the diagonalization of the dynamical matrix in order to account for the molecule's translational and rotational degrees of freedom.
Calculations of the pairwise nuclear spin-spin interactions between 31 P nuclear spins inside a Posner molecule were performed in Dalton2015 25, 26 with the B3LYP hybrid functional 27 using the method of Refs. 28 and 29. The electronic states around oxygen and calcium were expanded in the popular 6-31G** basis, 30, 31 while those around phosphorus were expanded in the pcJ-4 basis, which is optimized for the calculation of indirect spinspin couplings.
32
Molecular visualizations were produced using VESTA.
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III. RESULTS AND DISCUSSION
A. Symmetry
Previous computational work 7,8 used DFT to study the possible symmetries of a Posner molecule. The authors found various candidates for the lowest-energy molecular structure, all within the numerical accuracy of the technique. They concluded that the S 6 structure, the candidate ground state with the highest symmetry, is the prototypical Posner molecule.
Our calculations agree with these results. Several structures are illustrated in Fig. 2 . The lowest-energy structures have C 1 (no) symmetry but are only slightly distorted from S 6 symmetry. The S 6 structure is higher in energy by only 0.06 eV, or less than 2 meV per atom, while the T h structure is a full 1.98 eV higher in energy than the S 6 . This is consistent with earlier work, which identified S 6 as the prototypical structure. 8 To further test this identification, five C 1 structures were generated by random 0.1Å perturbations of an S 6 structure. After relaxation, the atomic positions of these structures are found to deviate from S 6 symmetry by at most 0.008Å, while the average positions across all five structures deviate from S 6 symmetry by at most 0.002Å. This demonstrates that the S 6 structure is indeed correct on average, and we expect thermal fluctuations will wash out any symmetry breaking. We therefore assume the S 6 symmetry for the Posner molecule in the remainder of this work.
B. Vibrational Spectra
Experiments find evidence for calcium phosphate clusters roughly 1 nm in size in simulated body fluid.
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T h
Different symmetries of a Posner molecule, Ca9(PO4)6. All structures were relaxed in vacuum. The T h structure is unstable to distortion (compression along a diagonal of the cube and rotation of the phosphate tetrahedra), lowering the symmetry to S6 about the compressed diagonal. The reduction of symmetry from T h to S6 lowers the energy substantially, by 1.98 eV. While the S6 structure is locally stable, a C1 structure corresponding to an off-centering of the calcium atoms lowers the energy by only 0.06 eV. As discussed in the text, we identify the S6 structure as the prototypical Posner molecule.
While it is suspected that these clusters are Posner molecules, 3 this has not been shown conclusively. Spectroscopic probes such as infrared absorption spectroscopy, Raman scattering, or wide-angle X-ray scattering could identify the molecules definitively. IR spectroscopy is based on the absorption of incoming photons resonant with a dipole-inducing vibrational mode of a molecule. 35 A calculation of vibrational modes and their associated dipole moments indicates the wavelengths of light that could be absorbed by the molecule. The IR activity of the associated vibrational mode, which is proportional to the square of the induced dipole moment, corresponds to the strength of the peak in an absorption experiment. Practically speaking, IR spectroscopy in solution is challenging, since the H 2 O peak at 1575 cm −1 with an IR activity of 1.659 (D/Å) 2 /amu 36 tends to wash out the IR absorption signal of any species in aqueous solution. Nevertheless, spectroscopic methods remain one of the best ways to conclusively identify Posner molecules, and calculations of vibrational spectra are an essential step in this process.
In addition to their spectroscopic relevance, the vibrational modes of the molecule also couple to the interactions between the six phosphorus nuclear spins, which will be discussed in section III E.
The vibrational spectra of both the S 6 structure and a symmetry-broken C 1 structure are shown in Fig. 3 . Note that the S 6 symmetry guarantees that a number of the modes will induce no dipole moment, and thus have zero IR activity. The corresponding vibrational modes of the C 1 structure are shifted slightly and have a small IR activity, but the overall shape of the spectrum remains the same. In addition to the plotted modes, we also found modes with small imaginary frequencies. The S 6 structure has two such modes, and the C 1 has one. These imaginary frequencies represent soft modes which move between different low-energy states. Their existence is unsurprising given the presence of many nearly degenerate C 1 structures similar to the S 6 structure.
C. Impurity substitution
During the formation of Posner molecules, ions other than Ca 2+ and PO
3− 4
will typically be present in solution, and thus could be substituted for one of the native ions. We refer to these ionic substitutions as "impurities". Here we consider the energetics of substituting the central calcium ion with either another divalent cation or with two monovalent cations. In making any comparisons in energies, it is important to take into account the hydration energies of both the ions to be substituted and of the central calcium ion once removed from the molecule. In principle the hydration energy of a Posner molecule in solution also needs to be taken into account. However, it is reasonable to assume that any changes in this hydration energy upon impurity substitution of the central calcium ion (which is encased inside the molecule) will be small, and hence they are ignored here. The enthalpy of hydration for a single ion, ∆H 0 hyd , is defined as the energy change upon taking an ion from a gaseous state to a dilute solution in water. It is always negative since polar water molecules can considerably reduce their energy by rearranging around the ionic point charge.
37 It is notoriously difficult to calculate hydration enthalpies from first principles; 38, 39 in this work we take these values from experiment. 40 We will denote the enthalpy change due to the substitution of the central calcium ion with either a single divalent cation or of two monovalent cations as ∆H A , where A specifies the cation substituted. ∆H A can be expressed as
where n = 1 corresponds to a single substituted divalent cation, and n = 2 corresponds to a pair of substituted monovalent cations. Here ∆H 0 f is the enthalpy of formation of the Posner molecule with or without the impurity.
Our results for several selected impurities are presented in Table I . We find a significant difference in the favorability of various ionic substitutions. This difference is large enough to outweigh the hydration enthalpy of cations such as Li + and Fe 2+ , making them highly favored as impurities. Indeed, the trend is that ions with a stronger tendency to hydrate have an even stronger tendency to substitute for Ca 2+ in the Posner molecule. Increased hydration enthalpy is outweighed by increased stability on the central site of the Posner molecule.
These results suggest that if significant concentrations of lithium, iron, or magnesium are present when Posner molecules are formed, they are likely to incorporate into the Posner molecule structure. This could have a variety of implications. In the context of calcium phosphate biomineralization, the presence of impurity ions and the nature of their interactions with Posner molecules will have important impacts on Posner-molecule-mediated bone growth. Additionally, spinful nuclei incorporated as impurities within the Posner molecule will have a significant effect on the phosphorus spin states.
D. Bonding
Aggregation of Posner molecules has been proposed as an intermediate step in biomineralization of amorphous calcium phosphate, a precursor to hydroxyapatite (bone mineral). [3] [4] [5] [6] We approach this by studying the simplest form of aggregation: pairwise bonding.
We consider bonding of Posner molecules with the S 6 structure described in Sec. III A. A variety of bonding orientations for a pair of rigid molecules were tried; the most favorable is depicted in Fig. 4(a) and is similar to the relative ionic positions in hydroxyapatite. The molecules are mirror images of one another, oriented so that Ca 2+ ions meet PO
3− 4
ions, and ions of like charges remain separated. The distance between centers and the relative orientation of the molecules were varied to find the minimum energy configuration. The resulting configuration, depicted in Fig. 4(a) , has a binding energy of 1.04 eV (referenced to isolated molecules in vacuum). Starting from this configuration, the constituent ions were allowed to relax. This relaxation gains another 3.95 eV, for a total bonding energy of 4.99 eV. The relaxed bonded configuration is shown in Fig. 4(b) .
We note that these calculations do not take the presence of solvent into account. We expect that this is a reasonable approximation when Posner molecules are close enough to bond, since there is not enough space for solvent molecules to enter between the molecules and screen the ionic interaction. At larger separation, the solvent will likely reduce the bonding tendency, suppressing the long-distance tail of the attraction.
We have also explored the motion of two rigid molecules in a bonded pair with respect to one another. Specifically, we consider "rolling without slipping" rotation, i.e., rotation by both molecules simultaneously in opposite directions, such that the mirror symmetry of the configuration is maintained. The energy landscape for this rotation is mapped out by repeating the distance-optimization procedure for a set of rotation angles, finding the optimum distance for each orientation. The saddle-point configuration (shown in Fig. 4(c) ) is at a rotation angle of φ = 45
• , and the rotation barrier is 0. eV. We expect the rotation barrier for rigid molecules is a reasonable approximation in the early stages of the bonding process (before full relaxation).
E. Spin Interactions
Phosphorus Nuclear Spin Coupling
Coupling between phosphorus nuclear spins arises due to two factors: magnetic dipole-dipole interaction and "indirect" spin-spin coupling. 12 The rotational motion of the molecule tends to average out the dipole-dipole interaction and the anisotropic part of the indirect coupling, so we only consider the isotropic part of the indirect spinspin coupling. This coupling between nuclei i and j is a sum of four terms:
which represent the diamagnetic spin-orbit (DSO), paramagnetic spin-orbit (PSO), spin-dipole (SD), and Fermi contact (FC) terms. 12 Details of the calculation of nuclear spin-spin couplings were given in Sec. II.
Adding together these four contributions leads to an effective Heisenberg-like Hamiltonian which describes the interactions between phosphorus nuclear spins:
The nuclear spins of phosphorus are arranged in two equilateral triangles, one on top of the other, centered on the molecule's symmetry axis. The S 6 symmetry restricts the couplings J ij to three values: nearest-neighbor J 1 , second-nearest-neighbor J 2 , and third-nearest-neighbor J 3 , as shown in Fig. 5 . We find J 1 = 0.178 Hz, J 2 = 0.145 Hz, and J 3 = −0.003 Hz.
The threefold rotational symmetry of the Posner molecule ensures that the effective Hamiltonian shares this same symmetry. Eigenstates of this rotation have an eigenvalue of e i2πτ /3 , where τ can take values of 0, ±1. We call this quantum number τ the "pseudospin". Eigenstates may be expressed using the notation
where E is the energy (in Hz), S = j σ j is the total spin, and S z is the z component of total spin. A plot of the spectrum is shown in Fig. 6 .
Pseudospin and Rotations
The transformation properties of the nuclear spin states of a molecule under a symmetry transformation dictate the allowed values of the rotational angular momentum quantum number L. This effect is most dramatic and well-studied in molecular hydrogen (H 2 ). Parahydrogen, in which the protons form a spin singlet, is restricted to even values of L by the requirement that the wavefunction be antisymmetric under exchange of the protons. Orthohydrogen (with a proton spin triplet) is similarly restricted to odd values of L. These spin isomers •
▲ ▲ ▲ ▲ ▲ ▲ ▲ have different thermodynamic, scattering, and chemical properties.
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Likewise, for a Posner molecule with threefold rotational symmetry, the Fermi statistics of the 31 P nuclei dictate the allowed rotational angular momentum about the symmetry axis. With three-fold rotational symmetry, the full wavefunction must be unchanged by a rotation by 2π/3, since such a rotation is equivalent to an even number of fermion swapping operations. The pseudospin τ therefore constrains the angular momentum, L, to satisfy: L + τ = 0 mod 3.
We propose that this restriction may be important in the case of two Posner molecules (a, b) binding together. Indeed, the recently proposed Quantum Dynamical Selection rule, 42 when generalized to the binding of two Posner molecules, predicts that chemical bonding implements a projective measurement onto a state with τ a + τ b = 0 -essentially a result of the requirement that binding two Posner molecules stops any relative rotational motion. If the pair of Posner molecules subsequently unbinds, this constraint is predicted to be maintained, leaving the two molecules "pseudospin entangled". Thus, pair binding/unbinding of Posner molecules may provide a mechanism to quantum entangle nuclear spin states in multiple Posner molecules, a necessary precondition for the quantum brain concept. 
Decoherence
A decoherence time for the spins in a Posner molecule is the NMR spin-lattice relaxation time T 1 . The primary mechanism for decoherence is entanglement with external nuclear spins of protons in water molecules external to the Posner molecule. The T 1 due to dipole-dipole interactions between an external spin M (e.g. a proton) and the phosphorus spins (indexed by I) is given by the modified Solomon-Bloembergen equation,
where C DD,M is the dipole-dipole coupling strength (in Hz) between spin M and I, τ c is the rotational correlation time, and ω M,I are the Larmor frequencies of the spins. We take M = 1/2, and the correlation time to be given by the thermal rotation frequency 1/τ c of the Posner molecule. With a moment of inertia 1.22 × 10 
As an illustration giving a rough estimate of this coherence time, we consider a proton (perhaps associated with a water molecule in the solvent) as the external spin, located 7Å from the center of the Posner molecule along the symmetry axis (3.5Å from the apical Ca 2+ ). This scenario gives T 1 = 1.8 × 10 6 s = 21 days. Since different pseudospin sectors couple differently to environmental degrees of freedom, the decoherence times for the pseudospin quantum number may be even longer. The long-lived spin states in the Posner molecule could provide a platform for liquid-state NMR quantum computation, and are also key to the "quantum brain" concept set forth in Ref. 11 .
IV. CONCLUSIONS
We have explored the structure, symmetry, and spectroscopic fingerprint of the Posner molecule, Ca 9 (PO 4 ) 6 . We have shown that Posner molecules are stable in vacuum, and identified S 6 symmetry as the prototypical symmetry. The calculated vibrational spectrum of the Posner molecule may serve as a spectroscopic fingerprint, assisting with the experimental identification of the Posner molecule either in vitro or in vivo. Impurity cations can take the place of a central calcium, with implications for both phosphorus spin properties and bone growth. We find that pairwise Posner molecule bonding is an important process, suggesting avenues for research in bone growth. Finally, we have shown that the Posner molecule is a promising host for nuclear spins maximally protected from environmental decoherence, with possible implications in liquid-state NMR quantum computation and medical imaging. We have identified the pseudospin quantum number τ which could encode long-lived coherent quantum information in the Posner molecule and may provide a mechanism for entangling the molecule's rotational degrees of freedom with its nuclear spin. This mechanism is central to the Posner molecule's role as a neural qubit in the quantum brain concept.
